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The tempera ture  field is de termined in thin-wall  shells of revolution. The solved problems enable 
one to es t imate  the possibil i ty as well as the quality of thermosta t ic  control  of objects by means 
of heat flowing along the length of the shell. 

Many elements  of design equipment operating under vacuum conditions are  in the form of shells of 
revolution whose t empera tu re  is determined by heat radiation into the surrounding space and also by convective 
heat exchange with gas (or liquid) inside the shell, as well as by the distribution of heat sources  and sinks 
(various units and sys tems  re leas ing or  absorbing heat) along the shell. 

It is very  difficult to determine the t empera tu re  field of a shell in the genera l  case. However,  in two 
limiting cases  which are of prac t ica l  in teres t  it is possible to find exact solutions for some shell shapes. 

If the inequality kS/hL2<< 1 is satisfied, one can ignore the heat flowing along the length of the shell. 
Moreover ,  if there  is no convective heat exchange, the tempera ture  field in the shell is determined by the heat 
flux to various portions,  by shell radiation into space,  and by radiative heat exchange between shell elements 
[2, 3]. 

The other limiting case 1 6 / h L  2 >> 1 is now considered;  consequently, the flow down the shell is essential  
insofar  as one is able to l inearize the problem, that is, the specific heat flux which cor responds  to the shell 
radiation into space can be writ ten as 

ql ~ 4~T3o T - -  3GT~ , (1) 

where T O is the absolute t empera tu re  of any point of the shell. It is assumed that by virtue of the flow down 
the mid - su r face  one has (T--T0) << T 0. It is also assumed that the mid - su r f ace  of the shell is cut out by one 
or two planes perpendicular  to the axis of revolution zone of the coordinate surface ~ = ~ 0 in the coordinate 
sys tem (~, ~, q) in which the var iables  can be separated in the Laplace opera tor  for the three-d imensional  
space or  for  a given coordinate surface ei ther  direct ly  or  by introducing an auxil iary function. In agreement  
with the above, one cons iders  shells bounded by two coordinate surfaces  (~ = ~ l; ~ = ~ 2; ~ 1 + ~ 2 = 2~ 0; fl = ~ 2--~ ~. = 
const) or shells of constant thickness (6 = fl H~ = const) (Fig. 1). 

' ' ~ 2  i 

Fig. 1. An e lementary  shell portion. 
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Fig. 2. Heating of the segments  of a spher ical  shel lwhich 
co r re spond  to the following angles: a) ~1 = ~ -- solid lines; 
J1 = 2 ~  _ dashed lines; ~l = u/2 -- dashed-dot  lines 
during t ime 7 (min) for e= 0.9 and A s = 0.4 at the shell 
points [curves 1, 2, 3 --  ~ = 0 (front point); 4, 5, 6 --  ~ = 
~/2; and 7 --  ~ = ~]; b) ~l = ~ for  e = 0.9 and A s = 0.9 at 
the points ~ = 0(~) (curve 1) and ~ = ~/2 (curve 2). 

If one ignores  the t empera tu re  dependence on the shell thickness and uses  the relation (1), the heat-  
conduction equation for  the f i r s t  case  (t3 = const,  ~ H~ ~ const) can be written as 

cp~H~ ~ = )~HtAxT + q - -  hT.  (2) 
o"r, 

Here  q is  the specific heat flux (per unit of shell surface) with the second t e rm on the r ight-hand side of the 
relat ion (1) taken into account. The opera tor  is given by 

H~H,fl~ , , 

It was assumed in the derivat ion of Eq. (2) that there  is now radiative heat exchange between individual 
portions* of the shell or  that i t c a n  be ignored. 

The heat-conduction equation for  a shell of constant  thickness 6 is,  correspondingly,  

cp6 c)T = ~.6AT - -  q - -  hT,  (3) 
0~ 

where 

The homogeneous boundary conditions of the second kind are  specified (no heat dissipation) on the shell 
boundary, namely,  

1 aT(x ,  ~t~, r = 1 . a T ( , ,  ~1,, ~P) _ 0. (4) 
H, 011 H, Oq 

It is assumed that at the beginning (r = 0) the shell t empera tu re  is zero:  

T( 0, n, ~ ) =  0. (5) 

The genera l  case  of a rb i t r a ry  distr ibution of initial t empera tu res  can be reduced to the analyzed one by the 
substitution 

* In the case  of a spher ica l  shell containing a dia thermal  (transparent) medium, the problem does not become 
m o r e  difficult if one takes into account the radiat ive heat exchange between its e lements ,  since a uniform dis-  
tr ibution of Incoming specific heat fluxes over  the inner surface is a distinctive feature of a spherical  shell 
(see, for example,  [1]). 
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Dis t r ibu t ion  of t e m p e r a t u r e s  t a long the 

m e r i d i a n  fo r  the s e g m e n t s  of sphe r i ca l  she l l s  fo r  e = 
0.9: a) ~l = ~/2,  A s = 0.4; b) ~l  = ~/2, A s = 0.9; c) 61 = 
~, A s = 0.4; d) ~r = 7r, A s = 0.9; e) ~'~1 = 2/3 rr, A s = 0.4. 
The value.,~ in the d i a g r a m s  r e f e r  to t e m p e r a t u r e  in ~ 

T~ = T - -  T (0, 1], ~). 

(4), (5) can  be r e p l a c e d  by an equivalent  one by extending it to the en t i r e  su r f ace  S + The  p r o b l e m  (2), 
S 1 + S 2 (Fig. 1) and by in t roduc ing  f ic t i t ious  heat  f luxes ql and q2, that  is,  

cp~H~ O_T_T = )~[~H~A~T - -  hT  ' q - -  q~ '-- q.,_, (6) 
OT 

q(r, P ) = O ,  if P E S t + S 2 ,  

' ~  F~~ (r) cos (vg') = ~ F~,, (r) sin (vq:), P E S~, 
ql(~, P ) =  ,.~=o ~=l 

0 P C S  -7 S~, 

[2 + s q2(r, P) = "=~ F~176 Fe,- (x) sin (vq~), P E S 2 ,  
" r  

0 P E S - - S  1. 

The funct ions  F~u(r), F~v(r), F0u(T), F e ( r )  have to be d e t e r m i n e d  by employ ing  the boundary  condi t ions  (4). 

q i s  an even funct ion of ~o, then Feu(z) = F~0")  = 0. In this c a s e  the solut ion is sought  in the f o r m  If 

r = a (,1) ~ ~ o~ ('0 x ~  (,1) cos (w), (7) 
v=O k=O 

where  XLv (0) is the o r thogona l  s y s t e m  of e igenfunct ions  of  the equat ion 

[B (TI) L __ N,: (TI)][A (T1) Xh,. (rl)] - -  ~t~A (~) X~,,. 01) = 0. (8) 

T h e  o p e r a t o r  L i s  g i v e n  b y  

L =  m 1 d ~ , 1 d ( H ~ H r  d v 2 
T h H.m z .  
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Fig. 4. Spheroidalcoordinates. 
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Fig. 5. Toroidal coordinates. 

The function A(q) is adopted in the same way as for the separation of variables in the Laplace equation [4]. 
There is no difficulty in selecting the functions B(~) and N v (~)- 

In the general case the function q can be represented as a sum of an even (q0) andanodd (qe)function, and 
the sought solution is equal to the sum of the solutions of Eq. (6) for q0 and q e  respectively. 

Substituting the expression (9) in Eq. (6), one obtains the following system of equations: 

where Al~vff), eke, 
for the following expressions: 

~kXk.(,])Ok.('~) + N.~(~)-~ ~ B( 'q)  X~.Ol)O,,.(x) 
k = O  k : O  

+ ~ d~ 
k ~ O  k=0 

+ F~ ~),~ ek,,Xk,j(n)+F2v( ) g;~.~X~.,,(n), 

gk~ are the expansion coefficients in t e r n s  of the eigenfunctions on the surface S + S t + 8 2 

( 9 )  

BA(~.)(0) " ~'~/~q = ~ ~.~= Ahv (z) Xhv(~]) cos (vcp); 

AB('D'(,]) )'PHiq~ _~.~oFOl,(.r)cos(,~p)~oek,Xk,(~);.= = (io) 

Of course, the following expansions are valid: 

B ( 0 )  X~ (,q) 
~,~x,~ (0); Nv (~) X~ (0) = ~ d,~X~4~). (zo,) 

H~ i J 

By employing these expansions, one can replace Eqs. (9) by a system of differential equations for the functions 

01~ (v): 

1 dot., ~tkOkv (T)"7-' ~ d'kt~Ozv (~) + - -  ~ d  Cur dT 
l a l 

= Akv ('r) + ek,F~ (,r) -~ gk,F~ (z); 

(d'kl~ = d h ' ~ + h  ) \ " ~  Ckl,v �9 

Formally solving the above equations and substituting the solutions in the boundary conditions (4), one 
obtains a system of Volterra integral equations of the first  kind with difference kernels for the functions 
F~vO) a n d  r~O'): 

(ii) 
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g~,(~--t ,  qOF~ + f K~_~(~-- t, n~)F~ • #L(~, hi) =0, 
o b 

(12) 

S K ~ ( ~ - - t ,  n,_)F~ § 1 K,.~(x-- t, n.z)F~ + M,(v,  ,1.~) = 0. 
0 0 

H e r e  ~1, r~ 2 can  be r e g a r d e d  as  p a r a m e t e r s .  Equa t ions  (12) a r e  i n t e g r a l  equat ions  of the  convolut ion  type fo r  
whose  so lu t ion  it  i s  exped ien t  to  u s e  L a p l a c e  t r a n s f o r m s .  

If the s u r f a c e  S 2 d e g e n e r a t e s  into a s ing le  point ,  the s y s t e m  (12) r e d u c e s  to a s ing le  i n t e g r a l  equation: 
T 

.I K~ (x --  t) F ~ (t) dt --' M,  (r) = 0. (13) 
0 

Of c o u r s e ,  one a r r i v e s  at  equa t ions  ot  the  s a m e  f o r m  a l so  if  t h e r e  a r e  bounda ry  condi t ions  of the f i r s t  kind 
when the t e m p e r a t u r e  d i s t r i bu t i on  i s  s p e c i f i e d  on the shel l  boundary .  

In the  c a s e  of  she l l s  of cons t an t  t h i c k n e s s  [the l a t t e r  c o r r e s p o n d s  to Eq. (3)] the p r o b l e m  i s  so lved  
s i m i l a r l y .  If  q i s  an even  funct ion of ~o, then  the  solut ion  i s  sought  in the  f o r m  of (7), w h e r e  Xky(~) i s  an 
o r thogona l  s y s t e m  of e igenfunc t ions  fo r  the  equat ion of the  f o r m  (8) in which the o p e r a t o r  L is  r e p l a c e d  by the 
o p e r a t o r  El: 

l d ~ 1 O [ H ~ ,  d ,,o- 
L1 = --~ " " - -  ~ , K )  " (14) H~ drlo- HnH ~ Oq dq H~ 

The  func t ions  0k~(T ) a r e  the so lu t ions  of Eqs .  (11) and t h e i r  coe f f i c i en t s  can be ob ta ined  by e igenfunct ion ex-  
pans ions  of the  e x p r e s s i o n s  s i m i l a r  to (10) and (10') ob ta ined  for/3H~ = o = const .  

S e v e r a l  e x a m p l e s  a r e  now c o n s i d e r e d .  

Hea t ing  a Shell  of Cons tan t  T h i c k n e s s  Whose  M i d - S u r f a c e  Is a P a r t  of a S p h e r e .  L e t  S + S 1 + S 2 be the 
s u r f a c e  of a s p h e r e  of r ad iu s  ~. In th i s  c a s e  the  o p e r a t o r  is  g iven  by 

L = 1 - - r l  2 . . . . . .  d 2 2q d vo- 
%o- drl z %~ dr I ~o- ( 1 - -  11 ~') 

Since the  L a p l a c e  equat ion in the s p h e r i c a l  c o o r d i n a t e  s y s t e m  s e p a r a t e s  without the aid of an aux i l i a ry  
funct ion,  A(7/) = 1. M o r e o v e r ,  i t  i s  obvious  tha t  B0/) = ~2 = cons t ,  Nu(~) = 0. F o r  a s p h e r i c a l  she l l  Eq. (8) 
i s  of the f o r m  

(l__rl~ d~xhv 2rl dXkv ( ~" . ) X h v = O .  
drl z dl 1 tth 1 - -  "q~ 

Thus  (7) can  be r e p l a c e d  by 

T = s s 0~v (x) P[ 01) cos (v~); I~ = k(k i-1). 
v~O k = O  

b' 

H e r e  Pk  a r e  the a s s o c i a t e d  L e g e n d r e  p o l y n o m i a l s .  

o]: 

(15) 

(16) 

The  s y s t e m  (11) s e p a r a t e s  fo r  a s p h e r e  into indiv idual  independent  equa t ions  [ s ince  B(~) = cons t ,  Nv(~) = 

h% 2 %'~ d ] o k (k q- 1) -)- k-"~ + --a " ~ Okv ('r) = Ahv ('r) + ehvF~ (~:) -- g~,,F2,.(x); 

2 ~  "rl,~ 

Ak,,(.r) 2 k + l  ( k - - v ) ,  %2 S J '  
m:x ( k + v ) t  " ).---~ q(x, rl, ~)PX(q)cos(v~)d~ldg; (17) 

0 r h  

r h  

2k + t ( k - -  v)! %2 ~ P~ (11) drl; gkv 
e~,,, ---- ~ (k + v)i " k--~- 

- - 1  

I 

= _ _ 2 k  2 ~ 1 (k(k-- v ) [ +  v)! ~.8~' S P~ 01) d'q; 
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v = 0, 1, 2 , . . .  ; f o r  v = 0 , m =  4; f o r  v ~ 0 , m =  2. Applying the L ap l ace  t r a n s f o r m  with r e s p e c t  to �9 to  Eqs.  
(17) and taking i n t o  account  tha t  0(0) = 0, by v i r tue  of (5) one obta ins  the following fo r  the t r a n s f o r m  ~kv(S) of 
the  funct ion 0kv (v): 

Thus ,  

0 ~ ,  (s) = - - ~  �9 s + V~ " 

h[~ ~- k(k + 1) ____a. 
Y ~ -  coil 

the t r a n s f o r m  t(s ,  ~, ~o) of the  funct ion  T ( r ,  ~, ~o) i s  

t(s, n, (~) = ~ cos (w) ~ w + f~" (s) 
~=0 k=v k~l s + ?~ ~=.~ s + ~ 

(18) 

In the  g e n e r a l  c a s e  (r~2 ~ 0) the  t r a n s f o r m s  fw(s)  and f~v(S) a r e  found f r o m  the condi t ions  

Ot(s, ~1~, r _ O, Ot(s, ~ ,  r _ 0 

and a r e  given,  r e s p e c t i v e l y ,  by 

G ( s )  = - -  
'~2, (S, 

~1~' ($' 

rl~ ) m .  (s, r12) - -  k~. (s,  ~l.z) m .  (s, rl~) 
~1~) k~, (s, rl~) - -  k~, (s, rb) k:~ (s, rl~) 

f~,(s) = k~, (s, 
kl, (s, 

rl.,) m, (s, fix) - -  kl,,(s, ~11) m, (s, ~12) 
rh) k:2, (s, TI.,) - -  k~, (s, rl~) k** (s, ~I~) 

kl,(S~ ~]) : ~ / ~  e ~ v ( P ~ ) t ( ~ ) ,  ~2v(S, '~) = s ~hv(P~)~(TI) , 
s _ ?k s +- ,& k~v k ~  

~_~ ~'  dP~(n) m, (s, !1) = ak, (s)(PD (n) (P~)' 01) -- 
s + "~ ' dl1 k=v 

Going back to  the  o r ig ina l  func t ions ,  one obta ins  by employing  the expans ion  and convolut ion t h e o r e m s  (of 
Bore l )  [5] the t e m p e r a t u r e  d i s t r ibu t ion  g iven  by 

T -- cp8 cos (vq))., , ~ q (x', y, (I)) ~,~(x--'r', y, 11) cos (v(I)) dyd@dx', 
= 0 0 "qt 

~o (% Y, ~) = Co (Y) exp (--  ?o x) . X Czo (Y, ~1) exp (--  c,.zoX), 
l~l 

qrv(~, Y, ~1) = ~ ct, (Y, 11) exp ( - -  az,x), 
l=1 

a l v  being the roo t s  of the equat ions  • lQ = O, 

X,(S) = s eh,(PVk)' (~]l) V,~ g~v(Pvk)' (q2) 
s + ~ h  s + ' &  k=v k=v 

__ ~ eh,,(P~)" (~2) ~ gk,(P~)" (%) , 
s + ? k  .z..a s-t- Yk k~v k~v 

1 [ ~__~(2k_l )  Ph(Y)(Ph)'(~I~) / ~  
Co(y) = ~ 1 - eoo ~ :-~o 

,__ f ,o1. - (, ,)  C:l, (v,  1]) 
rau  [ Z~ ( - -  (z.,) .,~k=,~ "lk - -  ~l,, 

eho (Pk)' fflO ] 

J ? k  - -  ~o 

(i9) 

(20) 
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%, (~, s) --  k_~, (s, 'h) 
Z (~_~.),. 

k~' ,"  

v /  V , PetY)(P~) (B.,.) 

Z (~ -- v)! (P~I' oh~ P~ (u) 

k~V 

o~.,,. (9, s) = k~, (s, q~) (2k --  1) (k - -  v)! " v , ('1~) 
- (k - -  v ) !  s -  ,& 

v v t 

- -k~ , ( s ,  rl~) Z (2k " 1) ( k - - v ) !  . P~(9)(P~) (~t.,.) 
(k --  v)! s - -  ~,',~: 

k~V 

If the  s u r f a c e  S 2 d e g e n e r a t e s  in to  a po in t  (72 = 1), then  Eq. (20) i s  m u c h  s i m p l e r ,  s i n c e  then  gkv = 0. 

In F ig .  2 the  r e s u l t s  of c a l c u l a t i o n s  of h e a t i n g  s e g m e n t s  of a s p h e r i c a l  s h e l l  which  c o r r e s p o n d  to the  
a n g l e s  d = a r c c o s  ~1 = ~/2;  2n /3 ;  l r f o r  ~ = 0.9 and A s = 0.4; 0.9 a r e  shown. I t  was  a s s u m e d  tha t  the  e l e m e n t s  

of t h e s e  s e g m e n t s  a r e  s u b j e c t e d  to t he  f low of s o l a r  r a d i a t i o n  qs  = AsEVH(v) [H(v) = 1 fo r  ~ > 0 and 0 for  
7? < 0]. M o r e o v e r ,  i t  was  a s s u m e d  in the  c a l c u l a t i o n s  tha t  the  hea t  exct iange be tween  the  s h e l l  and the  m e d i u m  
(which i s  e i t h e r  i n s i d e  o r  o u t s i d e  the  s h e l l  and has  the t e m p e r a t u r e  T 1 = 303~ i s  d e s c r i b e d  by the  h e a t -  
e m i s s i o n  c o e f f i c i e n t  h 1 = 5.8 W / m  2. deg .  T h u s , t h e  s p e c i f i c  h e a t  f lux a p p e a r i n g  in the  equa t i ons  i s  

q = G  ---h~(T~ - T ) - -e~  h = h~ 4e~T o. 
m 

H e r e  T in  and T O a r e  the  i n i t i a l  t e m p e r a t u r e  of  t he  s h e l l  and the  m e a n  va lue  of the  t e m p e r a t u r e  fo r  the  e n t i r e  
d u r a t i o n  of hea t ing .  The  fo l lowing  i n i t i a l  v a l u e s  w e r e  u s e d  in the  c a l c u l a t i o n s :  ~ = 0.1 m;  6 = 0.0015 m;  p = 
2700 kg/in3; k = 102.3 W / m - d e g  (a l loy  A1 + Mg); u = 0.152 m2/h ;  E = 1396 W/m~;  and T in  = 293~ 

It  i s  an  i n t e r e s t i n g  f e a t u r e  t ha t  the  t e m p e r a t u r e  does  not  change  m o n o t o n i c a l l y  at  the  f ron t  po in t  (~ = 
a r c  c o s  ~ = 0) fo r  A s = 0.4, t h i s  be ing  due to  the  fac t  tha t  a t  the  i n i t i a l  s t age  the  hea t ing  of the  c o r r e s p o n d i n g  
s h e l l  e l e m e n t  t a k e s  p l a c e  m o r e  r a p i d l y  than  i t s  coo l ing  due to  the  f low of hea t  to  the  r e a r  r e g i o n ,  the  l a t t e r  
b e c o m e s  c o o l e r  due to  e m i s s i o n  in to  space .  F o r  the  s t a t e s  u n d e r  c o n s i d e r a t i o n  the  s t e a d y - s t a t e  t e m p e r a t u r e  
d i s t r i b u t i o n  a long a m e r i d i a n  i s  shown in F ig .  3a -d .  

H e a t i n g  of She l l  Bounded  by Two C l o s e  P r o l a t e  Co foc a l  S p h e r o i d a l  S u r f a c e s .  L e t  S + S 1 + S 2 b e  the  
s u r f a c e  of  a p r o l a t e  s p h e r o i d .  P r o l a t e  s p h e r o i d a l  c o o r d i n a t e s  a r e  f o r m e d  by r o t a t i n g  the  e l l i p t i c  c o o r d i n a t e  

about  the  l o n g e r  ax i s  of  the  e l l i p s e  [4]. The foc i  of the  s p h e r o i d  a r e  at  the  po in ts  r = 0, z = • b (F ig .  4). Con-  
s equen t l y ,  one has  [4] 

[ o.d ~ d ,,~ "~ l 1 (1 - -  n ' )  d ~  - -  2,] _ n 2 L b 2 (~2 __ 11 ~) dq 1 ~ - - ' ~  " 

In the  adop t ed  c o o r d i n a t e  s y s t e m  one h a s  

V 2 
AUI ) = 1, B ( q ) =  b2(~"---q~), Nv(~I)-- - -  B(q), 

~_~-- 1 

and the  func t ions  Xkv0? ) s a t i s f y  Eq. (15); the  t e m p e r a t u r e  d i s t r i b u t i o n  m u s t ,  t h e r e f o r e ,  be sought  in the  f o r m  
(16). Hav ing  a p p l i e d  the  L a p l a c e  t r a n s f o r m ,  Eqs .  (9) in t h i s  c a s e  a s s u m e  the  f o r m  

k (k + 1) 0~. (s) if- b-" (~  - -  ~12) - Z.[~ g t  ~-' - -  1 

§ - -  (g~ - -  n ~-) s l t~ (s)l P~ (n) - -  [a~, (s) -i- eh,f~, (s) '-- g~J.~ (s)t P~ (n) --  O. 
a 

2 V "r 2--~2~k(~) in to  a s e r i e s  of a s s o c i a t e d  L e g e n d r e  p o l y n o m i a l s  P~0?): By expand ing  the  func t ions  ~ Pk(~)  and 

B2p~(q) = ~ dih~,p/v 01), ] / '~  - -  ~1 ~ P~(q) = ~ dlk,,Pi~ v (~1), 
i i 

1 

d~kv = 2 j ~  1 ( k - - v ) !  ~ ~ .~ ~. 
T1 Pk (n) P] (n) dT1, 

2 (k -+- v)! 
- - !  

2 2 9  



t 

d~= 2i~2 1 (k(k--v)! j ' +  v)! V~'-n2 e~(n)P'/Ol)dn, 
- - I  

one ob ta ins  a s y s t e m  of equa t ions  f o r  the  t r a n s f o r m s  Ok,(S) of the  func t ions  0k~ if) 

~2 ~r 

X Z d,t,Otv(s)+b V ~  h_h Z d O v O , , ( s ) +  a,,(s) +e,,f,,,(s)+g,,,f,,,(s). 
t L~ t 

(21) 

Under  c e r t a i n  condi t ions  the  inf in i te  s y s t e m  of l i n e a r  equa t ions  (21) can  be so lved  by the  m e t h o d  of s u c c e s s i v e  
a p p r o x i m a t i o n s .  We sha l l  dwel l  at  s o m e  length  on how the c o m p o n e n t s  of the  t e m p e r a t u r e  f ie ld  which p o s s e s s  
c y l i n d r i c a l  s y m m e t r y  (v = 0) should  be  d e t e r m i n e d  in the  c a s e  of a m o d e r a t e  e c c e n t r i c i t y  of  the  sphe ro id  such  
tha t  ~/~/~ 4 << 1; consequen t ly ,  

I I1 ~- ) 

--~--1 ~_~ d,,,vP)' (rl) ] �9 

Then  the  s y s t e m  of equa t ions  (21) can  be  r e w r i t t e n  as  

Oho is) = - -  1 s - "Co~2 [c~,h_2e~,_~,o (s) + cht, O~,o (s) + Ck,~+2Oh+_%o (S)] 
~o. s + rk 

k = O ,  1, 2 . . . . .  

aUho (s) 
b"~2(s + ~) 

(22) 

w h e r e  

h 1 / ~ - - 1  ' k ( k - - l )  a ?k = cp~b ~ -r ~ ,  uho(s) = aho(S) 

+ ej~o (s) + gkof2o (s), 
1 

ckz =dm ~ _ 2k 2 +___~1 ~ ~l~ph(~l)p~Oi)drl. 
- - 1  

but Re s > O ; T k  >70  > 0 ; I m T k  = 0 .  
equ iva len t  to  the  condi t ion  

Since ekj 4 0, the  s y s t e m  (2) i s  c o m p l e t e l y  r e g u l a r  [61 if 

1 IS+Yo/2 ~ h ~ e < l ;  % =  Z c k ~ ,  (23) 

Consequen t ly ,  one has  I(s + T 0 / 2 ) / ( s  + Tk)l -< 1 and the  condi t ion (23) i s  

~" > max %. 

Tak ing  into account  tha t  

Ch,h_ 2 
k(~ - -  1) (k + 1) ~ :. ~'- 

( 2 k - - 1 )  (2k - -  3) ' c h ~ :  ( 2 k + l ) ( 2 k + 3 )  ' ( 2 k + 1 ) ( 2 k - - 1 ) '  

(k + 1) (k + 2) , ck, k_.i=O for j=#O; 2, 
c~,h+~ = (2k + 3)(3k + 5) 

we c a l c u l a t e  the  s u m  of the  coe f f i c i en t s  

32/,5+80k4--48k s - 1 5 2 k  ~ - 1 4 k + 2 1  ( k = 2 ,  3, 4, ..), 
oh = 32k .  + 8 0 / ,  - 8 0 k s -  200~ ~ + 18~ + 4~  

% = 7/15, cr t = 33/35, max(~k = % = 29/21 ~.  1.38. 
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Thus ,  fo r  ~ 2 > 29/21 if Uk0 -< t2 < ~o then  the  s y s t e m  (22) has  oniy one bounded solut ion  which can  be 
found by us ing  s u c c e s s i v e  a p p r o x i m a t i o n s  s t a r t i n g  with any bounded s y s t e m  of in i t ia l  va lue s  [61. 

The  t e r m s  Ckkdk0(S) in Eqs .  (22) a r e  now t r a n s f e r r e d  to the  l e f t -hand  side. The  condi t ion of c o m p i e t e  
r e g u l a r i t y  i s  not  i n f r i n g e d  by it: 

s -- %/2 [ci~,~ _.~0'~ -.,,o (s) : -  c~,~+~O~ +2,o (s)] 
%o(S)  : (~" - ' c~13(s  + ;~1 

.__ OUI~o 
, ( 2 4 )  

b': (~.2 __ c::~:) (S + ~ )  

where  ~ (k = 0, 1, 2 . . . .  ) . 

(24) is n o w s o l v e d  by s u c c e s s i v e  a p p r o x i m a t i o n s  in which ~k0(S) = 0 i s  adopted The  s y s t e m  of equa t ions  
as  i t s  in i t ia l  va lue .  A f t e r  two i t e r a t i o n s  one f inds  

auto (s) ac,,,~ _.2 (s 70'2) ul~ -,-,o (s) 
01~o (s) = b" (~"- - -  c~,~)(s - -  ~h) b" (~"--c~,1~)(~"---c~ _...,;~ .,)(s-- ~)(s + ~=2) 

ac~,:+.,. (s-5- Yo/2)u~,~.,,o (s) ; (k = 0, 1, 2 . . . .  ). (25) 
' b ~ ( ~ :  - -  c .~ ) (~ ' -"  - -  c~ +~ , t ,§  ( s  - -  ~ k ) ( s  = 7~:+,) 

The  c o n v e r g e n c e  r a t e  of the p r o c e d u r e  i m p r o v e s  with the p a r a m e t e r  ~ i n c r e a s i n g .  Re tu rn ing  to the o r ig ina l s ,  
one ob ta ins  the fol lowing f o r  ~1 = - -1 ,  ~/2 = 1 (Uk0 = "k0): 

a [A~oJT),~ ex_PP (_-- ;~T) c~,,~_~A~, -,,o (~) 
0~0(~)= ~ L ~ - - c ~  (V - - -  c~)(~"--c~_~,~_~)  

(70/2 -- ~)  exp(- -  ~ ( r ) -  (yo,.2 - -  7~:-0) exp(- -  ~_oT) 

g~_~ - -  ;I, 

c~,h+.zA,,+.~o (:) , (7o/2--;1:)ex'p (--:,:,)_--(7oZ2--5,+z)exp(--:~_.z*)] 

' (~."- - -  c~D(F'- - -  c~+.,,~+.,.)- �9 ;,+., - -  ~ ",- J 

( ~ = 0 ,  1, 2 . . . .  ). 

H e r e  

r (T) �9 4,,. (~) = i q)l ( T - -  t) 4),. (t) dt 
b 

i s  the  convolu t ion  of two func t ions  �9 I(T) and �9 2(T). In the  g e n e r a l  c a s e  (for ~1 ~ - -1;  ~2 x 1) the funct ions  fw(s) ,  
f2v (s) a r e  ob ta ined  by subs t i tu t ing  the  e x p r e s s i o n s  (25) and s i m i l a r  e x p r e s s i o n s  fo r  u ~ 0 into the boundary  
condi t ions  (20). One can  then  find the  t e m p e r a t u r e  d i s t r ibu t ion .  

S i m i l a r l y ,  by us ing  obla te  s p h e r o i d a l  c o o r d i n a t e s  [4], one can  obta in  the t e m p e r a t u r e  d i s t r ibu t ion  when 
a she l l  bounded by two c l o s e  obla te  co foca l  s p h e r o i d a l  s u r f a c e s  i s  hea t ed  up. 

Hea t ing  a Shell  of Cons t an t  T h i c k n e s s  Whose  M i d - S u r f a c e  Is  a P o r t i o n  of T o r u s .  L e t  S + $1 + $2 be the 
t o r u s  s u r f a c e .  T o r o i d a l  c o o r d i n a t e s  a r e  ob ta ined  by r evo lv ing  the b i p o l a r  c o o r d i n a t e  s y s t e m  a round  the 
p e r p e n d i c u l a r  p a s s i n g  th rough  the midd le  of  the s t r a i g h t  l ine joining the po le s  (Fig. 5). 

Eq. 

T h e r e f o r e ,  

b sin TI b sh 
z - -  ; r - -  ; 

ch ~ -- cos ~1 ch ~ -- cos ~] 

Since she l l s  of  cons t an t  t h i c k n e s s  (6 = const)  a r e  now ana lyzed ,  to d e t e r m i n e  the func t ions  Xt~  (7/) in 
(8) one r e p l a c e s  the  o p e r a t o r  L by the  o p e r a t o r  L1 of (14): 

L1 = ( c h ~ - - c ~  I ] ) 2 b  2 ( d~dq ~ sh"v2 ~ ) 
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Thus ,  

A Oil = 1; B 01) = ; N,, (~1) = - -  
(oh ~ - -  cos ~I) ~ 

and Eq. (8) r e d u c e s  in t h i s  c a s e  to  the  fol lowing equat ion:  

d"-X),,, Of) + ~t~X~, = O. 
dq"  

Then  

t~ = k~; Xkv = cos(kil); X~v = sin(kq) 

and the t e m p e r a t u r e  d i s t r ibu t ion  in the she l l  i s  now sought  in the f o r m  

In this  case  Eqs. (9) become 

v~ 

sh" ~ ' 

T =  (s 0=.(.)r 
V~O k=O h ' ~ i  

* _ _ - i _ _ _  ~ 
k '2 cos (kll) O~.v (x) w- sh ~ ) ).(5 (sh) - -  cos II)"- 

x s cos (k)O 0~,,. (T) + b" 
�9 a (oh ~ - -  cos ~1) 

h'~0 

dO,~, , ( 'O " 
• s cos(k,1) ~ Z cos(k~)A;,,(,) 

m 

e~v cos (kq) - -  F~v (x) gkv cos (krl) = O. (27) 

In  a s i m i l a r  m a n n e r  one can  wr i t e  down the  equa t ions  f o r  " " Okv (r) c o r r e s p o n d i n g  to  the  e igenfunct ions  Xkv .  

By  finding the F o u r i e r  expans ions  of  the e x p r e s s i o n s  

c~ (krl) Z " sin (krl) - - Z  
= cf.~ cos (riO, (oh ~ - -  cos TI) ~ -- C~k sin (]q), (oh ~ - -  cos ~1)" y y 

one obta ins  two independent  s y s t e m s  of  equa t ions  f o r  the t r a n s f o m s  ~kv'd dkv" of  the funct ions  0'kp' 0kv:  

�9 Z ) 0 t/kv ( s - =  ;~, . )o~, , (s)= - ck~  ( s  a ht~ "0;,, + , 

(s + ~.-~,.) O~,.(s) % : , a hb" O't,, + ukv 
= - -  t§ Ct~k S ' 7  b -  ~ " - ~  " -~-_ " ck~, 

H e r e  

(28) 

, ah  b a ,  k2 + 
~ k v -  )~8 ck~ 

r ah , a (  v '  ) 
= - - - -  k ' §  �9 

By in t roduc ing  ano ther  v a r i a b l e  (s h~r (s) ' ' = + ~ v ) ~ k u  (s), one can  r e w r i t e  the f i r s t  s y s t e m  of the  equat ions  (28) 

a s  

(29) 
" . _ _ a u ~ v ( s )  

h~v (s) = --  % s + ~ hi~ (s) + ~- - ,-  , 

where  ~ = a h / k 6 .  

In the  app rox i m a t e  solut ion we shal l  conf ine our  c o n s i d e r a t i o n s  to  a finite i n t e r v a l  by in tegra t ing  ove r  s 
in the  i n v e r s e  Lap l a c e  t r a n s f o r m ,  tha t  i s ,  one a s s u m e s  that  ~s[ <-- o < 0% Then 
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! s - : -z  
= O ( l - " ) .  

�9 ( ,  �9 = , o - - ~  ( k = b l )  Moreover ,  by taking into accotmt that c~ ~ c~z = cosh~ ) 

mate:  

, one obtains the following es t i -  

Thus, for  sufficiently high values of the p a r a m e t e r  ~ and with i s [_  cr < ~ the sys tem (29) is completely 
regu la r  and can be solved by success ive  approximations start ing with any bounded sys tem of initial values 

y 
provided Ukp(S ) <-u < ~. AdoptL, lg h ~  (s) = 0 for  the initial values one find a f te r  two i~erations 

e~,.(s)- ,a[U'~"(s)b:: Z c'~ s--z ,L~v(s)] (30) 

(for higher  ~ the convergence  of the itera~ive procedure  is improved).  Going back to the originals  in the above 
express ion  with fl~ = 0, ~2 = 2Tr [Ukv(S) = a~v(S)] , one obtains 

" a " Ckl 

l ~ k  Cll  

(;h, - -  • exp (--  ~:'~. x) - -  (;~,. - -  • exp (-- ;~x) ] 
�9 ~,,,~' _ ;~ , ,  - j  �9 

In the la t te r  formula  one should cons ider  only the f i r s t  n t e r m s  of the sum so that l~ ~v I < ~. In the 
genera l  case  (for ~ ~ 0, ~ ~ 27r) the functions fw(s) and f~v(s) are  found by substituting the express ions  (28) 
into the boundary conditions (20). 

N O T A T I O N  

T, t empera tu re ;  Tt, t empera tu re  of the medium; Tin , initial t empera tu re  of the shell;  c, p, X, specific 
heat,  density,  thermal-conduct iv i ty  coeff icient  of the shell mate r ia l ,  respectiv 'ely;  h, effective coefficient  
of hea t -emiss ion  f rom the shell;  hi, coeff icient  of hea t -emiss ion  to the medium ei ther  inside or outside the 
shell;  a,  t he rma l  diffusivity; ~, Stefan--Boltzmann constant;  5, shell thickness;  L, cha rac te r i s t i c  dimension 
along the shell;  ~, 7, 99, curv i l inear  coordinate  sys tem;  Hi ,  Hrl , H99, corresponding Lain6 coefficients;  
fl = 5/H~ ; S, S~, $2, sur face  areas  of 4 = const  corresponding to shell  m id - su r f ace  and i ts  complements  to a 
complefe surface  coordinate;  q, specific heat  flux on shell; qt, q2, specif ic  ficti t ious heat fluxes in regions S 1 
and $2; Xkv0/) complete  orthogonal sys tem of eigenftmctions of Eq. (8) regu la r  on that in terval  of values of 
argument  r~ which cor responds  to the ent i re  coordinate  surface  ~ = const;  A(V), mul t ip l ier  introduced for the 
separat ion of var iables ;  F~(r), Fe f f ) ,  coeff ic ients  of F o u r i e r  s e r i e s  expansion of the functions qj (J 1, 2); 

J 11 
the super sc r ip t s  0, e cor respond  to even or  odd functions of qg; Pk(~), associa ted Legendre  polynomials;  
6k~(S), akv(S), flu(s), f~(s) ,  t r ans fo rms  of the functions 0~(r ) ,  Ak~ff) , F~ FO0-). 

1 .  

2. 
3. 
4. 
5. 

6. 

L I T E R A T U R E  C I T E D  

P. A. Novikov, L. Ya. Lyubin, and I~. K. Snezhko, Inzh . -F iz .  Zh., 29, No. 3 (1975). 
V. S. Zarubin, Zh. Prikl .  Mekh. Tekh. F iz . ,  No. 6 (1963). 
V. S. Zarubtn, Zh. Prikl .  Mekh. Tekh. F iz . ,  No. 3 (1964). 
P. M. Morse  and H. Feshbach,  Methods of Theore t i ca l  Physics ,  McGraw-Hil l  (1953). 
V. A. Ditkin and A. P. Prudaikov,  Integral  T r a n s f o r m s  and Operational Calculus [in Russian], F iz -  
matgiz (1961). 
A. V. Kantorovich and V. I. Krylov,  Approximation Methods of Higher Analysts  f~n Russianl ,  Ftzmatgiz,  
Moscow--Leningrad (1962). 

233 


